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SIZE EXCLUSION CHROMATOGRAPHY (SEC) OF COMPLEX POLYMERS - 
G E N E R A L I Z E D  ANALYTICAL CORRECTIONS FOR IMPERFECT RESOLUTION 

A.E. Hamielec,  
McMaster U n i v e r s i t y ,  Hami l ton ,  Canada. 

H.J. Ederer  and K . H .  E b e r t ,  
U n i v e r s i t y  of H e i d e l b e r g ,  H e i d e l b e r g ,  Germany. 

ABSTRACT 

Here in  i s  r e p o r t e d  g e n e r a l i z e d  a n a l y t i c a l  s o l u t i o n s  which p e r m i t  
c o r r e c t i o n  for i m p e r f e c t  r e s o l u t i o n  when t h e  m o l e c u l a r  w e i g h t  
c a l i b r a t i o n  c u r v e  i s  n o n l i n e a r  and t h e  v a r i a n c e  of  s i n g l e - s p e c i e s  
chromatograms changes  s i g n i f i c a n t l y  w i t h  m o l e c u l a r  s i z e  of t h e  polymer 
s o l u t e .  Two k i n d s  o f  g e n e r a l i z e d  a n a l y t i c a l  s o l u t i o n s  h a v e  been  
o b t a i n e d .  One is a s o l u t i o n  of Tung ' s  i n t e g r a l  e q u a t i o n  for t h e  
c o r r e c t e d  chromatogram or t h e  m o l e c u l a r  w e i g h t  d i s t r i b u t i o n  and t h e  
o t h e r  is a s o l u t i o n  f o r  t h e  c o r r e c t e d  m o l e c u l a r  weight  a v e r a g e s  of t h e  
whole polymer.  Also d i s c u s s e d  i s  t h e  u s e  of l o c a l  c o r r e c t i o n s  for 
imper f e c t  r e s o l u t i o n  a c r o s s  t h e  chromatogr am w i t h  d e t e c t o r s  such  a s  t h e  
low a n g l e  l a s e r  l i g h t  s c a t t e r i n g  s p e c t r o p h o t o m e t e r  (LALLS) when used  
w i t h  micro  and macr opacking  s . 

INTRODUCTION 

To d a t e ,  a n a l y t i c a l  s o l u t i o n s  for Tung's  i n t e g r a l  e q u a t i o n  f o r  t h e  

c o r r e c t e d  c h r o m a t o g r a m  h a v e  n o t  b e e n  r e p o r t e d .  Many numer c a l  

t e c h n i q u e s  h a v e  been  proposed and e v a l u a t e d  and t h e  b e t t e r  o f  t h e s e  

i n c l u d e  t h e  i t e r a t i v e  method of I s h i g e  e t  a l .  ( l ) ,  t h e  method of Cnang 

and Huang ( 2 )  and more r e c e n t l y  t h e  method proposed  by Vozka and Kubin 

( 3 ) .  A n a l y t i c a l  s o l u t i o n s  fo r  T u n g t s  i n t e g r a l  e q u a t i o n  f o r  t h e  

m o l e c u l a r  weight  a v e r a g e s  were f i r s t  p u b l i s h e d  by Hamielec and Ray ( 4 )  

for t h e  c a s e  of a uniform Gauss ian  i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n .  

1697 

Copyright 0 I981 by Marcel Dekker, Inc. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
2
1
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



1698 HAMIELEC, EDERER, AND EBERT 

Provder  and Rosen (5)  g e n e r a l i z e d  t h e s e  s o l u t i o n s  t o  i n c l u d e  a uni form 

non-Gaussian i n s t r  m e n t a l  f u n c t i o n .  Both of t h e s e  a n a l y t i c a l  s o l u t i o n s  

a r e  l i m i t e d  t o  a SEC o p e r a t i o n  where t h e  m o l e c u l a r  w e i g h t  c a l i b r a t i o n  

c u r v e  is  l i n e a r  and t h e  v a r i a n c e  o f  s i n g l e - s p e c i e s  chromatograms is 

i n d e p e n d e n t  of molecular  s i z e  of t h e  polymer s o l u t e .  The s o l u t i o n s  t o  

be  p r e s e n t e d  h e r e i n  a r e  a n a l y t i c a l  and a c c o u n t  for non- l inear  m o l e c u l a r  

w e i g h t  c a l i b r a t i o n  c u r v e  and non-uniform i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n  

w i t h  t h e  v a r i a n c e  o f  s i n g l e - s p e c i e s  chromatograms v a r y i n g  w i t h  m o l e c u l a r  

s i z e  o f  t h e  polymer s o l u t e .  The l i m i t i n g  f a c t o r  which r e m a i n s  is  t h a t  

t h e  i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n  is  Gauss ian .  

THEORY 

Tung's  i n t e g r a l  e q u a t i o n  which f o l l o w s  i s  t h e  s t a r t i n g  p o i n t  f o r  

a l l  r i g o r o u s  methods o f  c o r r e c t i o n  for i m p e r f e c t  r e s o l u t i o n .  

F ( v )  is  t h e  d e t e c t o r  r e s p o n s e  cr chromatogram a t  r e t e n t i o n  v o l m e  v. 

The k e r n e l  C ( v , y )  i s  c a l l e d  t h e  i n s t r m e n t a l  s p r e a d i n g  f u n c t i o n  and i s  

t h e  n o r m a l i z e d  d e t e c t o r  r e s p o n s e  for  a s i n g l e  s p e c i e s  w i t h  mean 

r e t e n t i o n  volume y.  W(y)dy i s  t h e  a r e a  of t h e  d e t e c t o r  r e s p o n s e  for a 

s i n g l e  s p e c i e s  w i t h  mean r e t e n t i o n  volume i n  t h e  r a n g e ,  y-y+dy. W(y) i s  

t h e  d e t e c t o r  r e s p o n s e  or chromatogram c o r r e c t e d  for  peak  b r o a d e n i n g .  

S p e c i e s  w i t h  t h e  same mean r e t e n t i o n  v o l u m e  may,  i n  c e r t a i n  

c i r c u m s t a n c e s ,  h a v e  d i f f e r e n t  m o l e c u l a r  w e i g h t s  and c o m p o s i t i o n s  and 

p o s s i b l y  s i g n i f i c a n t l y  d i f f e r e n t  i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n s  as  

w i t h  complex polymers ,  t h o s e  h a v i n g  v a r i a b l e  l o n g  c h a i n  b r a n c h i n g  

f r e q u e n c y  and copolymers  w i t h  v a r i a b l e  c o m p o s i t i o n .  In  t h e s e  i n s t a n c e s  

e q u a t i o n  ( 7 )  would n o t  be  v a l i d  and a more complex form i n v o l v i n g  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
2
1
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



SIZE EXCLUSION CHROMATOGRAPHY 1699 

m u l t i p l e  i n t e g r a l s  would have t o  be used .  U n t i l  t h e r e  i s  e x p e r i m e n t a l  

e v i d e n c e  t o  t h e  c o n t r a r y ,  it w i l l  b e  a s s u n e d  t h a t  e q u a t i o n  (1) i s  v a l i d  

under  a l l  c i r c u m s t a n c e s  of GPC o p e r a t i o n .  

We now d e f i n e  a d i s t r i b u t i o n  f u n c t i o n  W(v,y) .  where W(v,y)dvdy i s  

t h e  a r e a  under  t h e  d e t e c t o r  r e s p o n s e  i n  t h e  r e t e n t i o n  volume r a n g e ,  

v-v+dv d u e  t o  polymer s o l u t e  s p e c i e s  w i t h  mean r e t e n t i o n  v o l u n e  i n  t h e  

r a n g e ,  y-y+dy. Let u s  i n v e s t i g a t e  t h e  f o l l o w i n g  p r o p e r t i e s  of W(v,y) 

It is c l e a r  from e q u a t i o n  (3) t h a t  a knowledge of W(v,y) p e r m i t s  a 

s i m p l e  d i r e c t  i n t e g r a t i o n  t o  o b t a i n  W(y) ,  t h e  chromatogram c o r r e c t e d  for  

peak broadening .  A t  a p a r t i c u l a r  r e t e n t i o n  v o l u n e ,  v ,  W(v,y) g i v e s  t h e  

d i s t r i b u t i o n  of polymer m o l e c u l a r  sizes i n  t h e  d e t e c t o r  c e l l .  A 

d e t e c t o r  system which c o u l d  p r o v i d e  a measure  of W(v.y), would p r o v i d e  a 

d i r e c t  i n s t r u m e n t a l  means of measur ing  W(y). This  p o s s i b i l i t y  w i l l  b e  

d i s c u s s e d  l a t e r .  We w i l l  now c o n s i d e r  t h e  s p e c i a l  c a s e  where t h e  

i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n  G ( v , y )  is Gauss ian  w i t h  v a r i a n c e  which 

depends  on t h e  s i z e  of t h e  polymer s o l u t e  and where t h e  s l o p e  of t h e  

m o l e c u l a r  weight  c a l i b r a t i o n  c u r v e  v a r i e s  w i t h  r e t e n t i o n  volune .  For 

t h i s  s i t u a t i o n  Tung ' s  i n t e g r a l  e q u a t i o n  t a k e s  t h e  form: 

The u s e  of o ( v ) ~  r a t h e r  t h a n  ~ ( y ) ~  is  an a p p r o x i m a t i o n  which s h o u l d  b e  

v a l i d  when peak b r o a d e n i n g  i s  not e x c e s s i v e .  In  t h i s  c a s e ,  
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1700 HAMIELEC, EDERER, AND EBERT 

L e t  u s  now d e r i v e  an e x p r e s s i o n  for $ ( v ,  u c )  which is  t h e  w e i g h t  

a v e r a g e  molecular  wieght  of  t h e  c o n t e n t s  of t h e  d e t e c t o r  c e l l .  The 

LALLS d e t e c t o r  system would measure t h i s  m o l e c u l a r  w e i g h t  a v e r a g e .  

m m 

where 

M(y) = D , ( v )  exp(-D2(v)y)  

Local  l i n e a r i z a t i o n  is being  employed to a c c o u n t  for a n o n l i n e a r  

m o l e c u l a r  wieght  c a l i b r a t i o n  c u r v e .  S u b s t i t u t i n g  for W(v.y) and w i t h  

some a l g e b r a i c  m a n i p u l a t i o n  one o b t a i n s  

M(v)exp( ( D 2 ( v ) o ( v ) ) 2 / 2 1  m ( v - D ~ ( v ) u ( V )  2 2  -Y) 

f.$(v,uc) = I W(y)exp - { * IdY 
F ( v )  V‘ 2 n a ( v I 2  0 2 d v )  

( 6 )  

Ccmparing t h e  i n t e g r a l s  i n  e q u a t i o n s  ( l a )  and ( 6 )  it  i s  c l e a r  t h a t  

The weight -average  m o l e c u l a r  w e i g h t  o f  t h e  whole polymer c o r r e c t e d  f o r  

i m p e r f e c t  r e s o l u t i o n  is g iven  by ( 7 , 8 )  

T h i s  i s  an e x t e n s i o n  of t h e  o r i g i n a l  a n a l y t i c a l  s o l u t i o n  a f t e r  Hamielec 

and Ray ( 4 )  for v a r i a b l e  v a r i a n c e  o f  t h e  s i n g l e - s p e c i e s  chromatograms 
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SIZE EXCLUSION CHROMATOGRAPHY 1701 

and f o r  a n o n l i n e a r  m o l e c u l a r  weight  c a l i b r a t i o n  c u r v e .  I n  a s i m i l a r  

manner c o r r e c t i o n  e q u a t i o n s  f o r  o t h e r  m o l e c u l a r  w e i g h t  a v e r a g e s  and 

i n t r i n s i c  v i s c o s i t y  may be d e r i v e d  and t h e s e  follow (7 ,8 ) .  

where  for K = 1,  R ( c )  = R (c) and R l ( v , u c )  = R N ( v , u c )  1 N 

2 W K 2, R ( c )  = R ( c )  and R2(v ,uc)  R W ( v , u c ) .  and so o n .  

E q u a t i o n s  ( 9 ) - ( 1 2 )  may be  used t o  c a l c u l a t e  whole polymer m o l e c u l a r  

w e i g h t  a v e r a g e s  a n d  i n t r i n s i c  v i s c o s i t y  c o r r e c t e d  for  i m p e r f e c t  

r e s o l u t i o n  when t h e  v a r i a n c e  of s i n g l e - s p e c i e s  chromatograms and the  

s l o p e  of  t h e  m o l e c u l a r  w e i g h t  c a l i b r a t i o n  c u r v e  v a r y  w i t h  r e t e n t i o n  

vclume. 

We w i l l  now d e r i v e  an a n a l y t i c a l  s o l u t i o n  for W(y), t h e  chromato- 

gram c o r r e c t e d  for peak b r o a d e n i n g .  We a p p r o x i m a t e  W(v,y) w i t h  t h e  form 

An examinat ion  of e q u a t i o n  ( 2 a )  might  s u g g e s t  t h a t  t h e  shape  of W(v,y) 

depends  on t h e  s h a p e  of W(y). T h i s  i s  t r u e  u p  t o  a p o i n t .  However, fo r  

a p a r t i c u l a r  r e t e n t i o n  volume, v ,  t h e  r a n g e  of y which i s  s i g n i f i c a n t  
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1702 HAMIELEC, EDERER, AND EBERT 

may o n l y  i n c l u d e  a s m a l l  p o r t i o n  of W(y). The c o r r e c t e d  chromatogram is  

t h e n  g iven  by 

or more d i r e c t l y  i n  t h i s  c a s e  b y  

w(v)  = ~ ( v )  ( o ( v ) / ~ ( v ) )  e x p  1 - ( v - ~ ( v ) ) ~ / z ~ ( v ) ~ ~  (14b)  

A d e t e c t o r  system which c c u l d  s a y  measure R ( v , u c )  and A (v .uc)  would 

a l s o  p r o v i d e  a measure  of ? (v)  and O ( V ) ~ ,  The LALLS d e t e c t o r  s y s t e m  

which g i v e s  a measure of $(v ,uc)  w i t h  t h e  a d d i t i o n a l  assumpt ion  t h a t  

y ( v )  = v would p r o v i d e  a measure  of a ( v )  . T h i s  would i n  e f fec t  w i t h  

t h e  u s e  of e q u a t i o n  ( 1 4 ) ,  p r c v i d e  a d i r e c t  measure of W(y). For  t h e  

c a s e  of a Gauss ian  i n s t r u n e n t a l  s p r e a d i n g  f u n c t i o n  it c a n  r e a d i l y  b e  

shown us ing  e q u a t i o n s  ( 9 )  and ( 1 3 )  t h a t  

N W 

2 

It can  r e a d i l y  b e  shown w i t h  a Taylor  series e x p a n s i o n  a c c u r a t e  t o  

second o r d e r  t h a t  

The e x p a n s i o n  p r c p e r l y  e l i m i n a t e s  t h e  d e p e n d e n c e  on D 2 ( v ) .  F o r  

c o m p u t a t i o n a l  r e a s o n s  I t  i s  e a s i e r  t o  employ e q u a t i o n s  (15)  and ( 1 6 )  
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SIZE EXCLUSION CHROMATOGWHY 1703 

w i t h  any  c o n v e n i e n t  v a l u e  for D ( v ) .  To s o l v e  for W(y) one must  h a v e  

v a l u e s  for U(v)  . These may b e  found b y  s t a n d a r d  c a l i b r a t i o n  t e c h -  

n i q u e s .  The u s e  of e q u a t i o n s  d e r i v e d  above t o  c o r r e c t  t h e  chromatogram 

and whole polymer m o l e c u l a r  weight  a v e r a g e s  w i l l  b e  i l l u s t r a t e d  under  

R e s u l t s  and D i s c u s s i o n .  

2 
2 

We w i l l  ncw d e r i v e  e q u a t i o n s  which w i l l  p e r m i t  t h e  i n v e s t i g a t i o n  o f  

t h e  magni tude  o f  c o r r e c t i o n s  for  i m p e r f e c t  r e s o l u t i o n  f o r  t h e  w e i g h t  

a v e r a g e  m o l e c u l a r  weight  of t h e  d e t e c t o r  c e l l  c o n t e n t s  ( % ( v , u c )  / M (  v )  ) 

f o r  b o t h  m i c r o  and macropackings .  Micropackings  w i t h  p a r t i c l e s  of  a b o u t  

5-15 m i c r o n s  g i v e  s m a l l  peak broadening  ( s m a l l  u ( v )  ) and s m a l l  peak 

s e p a r a t i o n  ( l a r g e  D2(v) ) .  Macropackings w i t h  p a r t i c l e s  of a b o u t  30-60 

m i c r o n s  g i v e  l a r g e  p e a k  b r o a d e n i n g  ( l a r g e  u ( v )  ) a n d  l a r g e  p e a k  

s e p a r a t i o n  ( s m a l l  D2(v) ) .  An e x a m i n a t i o n  of  e q u a t i o n  (7)  m i g h t  s u g g e s t  

t h a t  t h e  c o r r e c t i o n  for i m p e r f e c t  r e s o l u t i o n  i n  t h e  d e t e c t o r  c e l l  would 

2 be  s m a l l e r  f o r  m i c r o p a c k i n g s  t h a t  f o r  macropackings  d u e  t o  t h e  a ( v )  

term i n  F(v-D ( v ) u ( v )  ) .  To i n v e s t i g a t e  t h i s  f u r t h e r  we w i l l  b e g i n  w i t h  

a polymer sample  which h a s  t h e  most  p r o b a b l e  d i s t r i b u t i o n  and t h e n  

assume t h a t  it is analyzed  w i t h  an SEC w i t h  micropacking  and t h e n  w i t h  

macropacking .  The MWD o f  t h e  sample  is g i v e n  

2 

2 

2 
2 

5 w i t h  MN = 2 x l o 5  and flw = 4 x 10 

For convenience  we w i l l  assume t h a t  t h e  m o l e c u l a r  w e i g h t  c a l i b r a t i o n  

c u r v e  is  l i n e a r  and g i v e n  b y  

M = D e x p  (-D v )  1 2 (18) 

The a s s o c i a t e d  chromatogram i s  g i v e n  b y  
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TABLE 1 

Parameters Ehployed i n  Equations ( 6 ) ,  (18) and (19 )  
fc r  Micr c and Macropackings 

Micrcpac king Macr cpac king 

D2 = 0.357 m l - '  

a = 0.70 m l  

D a = 0.25 2 

2 
2 D a I 0.1750 m l  

-2 -1 
D2  = 8.62 x 10 m l  

u = 2.90 m l  

D2a = 0.25 

D a 0.725 2 
2 

We w i l l  ccns ider  r e l a t i v e l y  smal l  ccr r  e c t i o n s  for peak brcadening and 

s i n c e  we have a r e l a t i v e l y  broad MWD, we w i l l  s e t  F (v )  = W(v). The 

parameters  i n  these  equa t ions  emplcyed f o r  micro and macropackings a r e  

given in  Table 1. Again f o r  convenience it i s  asswned t h a t  t h e  v a r i a n c e  

dces  n c t  vary with r e t e n t i c n  vclume. The r e s u l t s  c f  t h i s  ccmpariscn 

w i l l  be given under Resul t s  and Discuss ion .  

RESULTS AND DISCUSSION 

We w i l l  begin wi th  a d i s c u s s i c n  o f  c o r r e c t i o n s  f c r  imper fec t  

r e s o l u t i c n  for t h e  LALLS d e t e c t c r  system and compare t h e  magnitude c f  

t h e s e  c o r r e c t i o n s  for  micro and rnacropackings. Table 2 shows t h e  

c c r r e c t i c n s  requi red  f o r  t y p i c a l  inicrc and macrcpackings.  It i s  c l e a r  

t h a t  t h e  magnitude of t h e  c o r r e c t i o n s  a r e  about  t h e  same for  bo th  micro  

and macropackings. Apparently t h e  sma l l e r  D2(v)0(v) '  ob ta ined  wi th  

micropackings a r e  compensated f o r  m y  t h e  narrower and s t e e p e r  ChrCmatG- 
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TABLE 2 

Correct ions f o r  Imperfect Resolution with t h e  LALLS Detector System 

Micropacking Macr o pac k in  g 

27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

16.0 
64.0 
136.3 
186.6 
187.7 
152.1 
105.9 
66.4 
38.6 
21.3 

0.745 
0.853 
0.937 
1.002 
1.055 
1.084 
1.109 
1.127 
1.139 
1.153 

56 
60 
64 
68 
72 
76 
80 

88 
92 

a4 

3.6 
14.4 
31.2 
44.1 
46.1 
38.9 
28.2 
18.4 
11.1 
6.3 

0.740 
0.846 
0.930 
0.995 
1.041 
1.077 
1.105 
1.122 
1.134 
1.147 

gram. It is remarkable t h a t  t h e  c o r r e c t i o n  %(v.uc)/M(v) a t  t h e  high 

molecular weight end o f  t h e  chromatogram is  a s  much a s  25% even though 

t h e  c o r r e c t i o n  t o  t h e  whole polymer i$ i s  on ly  about 3%. In o the r  words 

c o r r e c t i o n s  f o r  imperfect  r e s o l u t i o n  a r e  a must when employing t h e  LALLS 

de tec to r  system i f  q u a n t i t a t i v e  e s t ima tes  of  t h e  molecular weight cali-  

b r a t i o n  curve M(v) a r e  t o  be made. 

We w i l l  now p resen t  an example of  t h e  a p p l i c a t i o n  o f  equat ion (14) 

t o  so lve  f o r  t h e  chromatogram W(v) c o r r e c t e d  f o r  peak broadening f o r  a 

s i t u a t i o n  where t h e  var iance o f  s ing le - spec ie s  chromatogram v a r i e s  

somewhat with r e t e n t i o n  volume (or  molecular s i z e ) .  We w i l l  then use 

t h e  same chromatograms F(v) and W(v) and use  a ncn l inea r  molecular 

weight c a l i b r a t i o n  curve t o  so lve  f o r  t h e  Corrected molecular weight 

averages.  One approach is t o  i n t e g r a t e  W(v) d i r e c t l y  and t h e  o the r  is  

t o  use equa t ions  (9) and (11) t o  gene ra t e  t h e  molecular weight averages 

cc r r ec t ed  fo r  imperfect  r e s o l u t i o n .  
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RETENTION VOLUME ( V )  

FIGURE 1. A n a l y t i c a l  s o l u t i o n  o f  T u n g ' s  I n t e g r a l  E q u a t i o n  - A 
Comparison o f  t h e  Uncorrec ted  Chromatogram F ( v )  w i t h  t h e  C o r r e c t e d  
Chromatogram W(v) and w i t h  W(v) Rebrcadened.  

R e t e n t i o n  Volume ( m l )  2 x W(V) V a r i a n c e  (ml 1 
< W(v) Rebroadened 16.0 90-100 

17.0 102 
18.0 104-1 25 
16.7 127.5 
16.2 130 

F ( v )  

16.0 132-1 47 

TABLE 3 

Molecular  Weight Averages Correc ted  for I m p e r f e c t  R e s o l u t i o n  

6 1 . 6 5 ~ 1 0  6 1 . 5 4 ~ 1 0  6 W(V) 1 . 4 4 ~ 1 0  

E q u a t i o n s  ( 9 )  6 1 . 6 4 ~ 1 0  6 1 . 5 7 ~ 1 0  6 and (11) 1 . 4 1 ~ 1 0  
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Figure  1 shows F ( v ) ,  W(v) and W(v)  rebroadened and i l l u s t r a t e s  t h e  

a p p l i c a t i o n  o f  equa t ion  (14 ) .  The v a r i a n c e s  o f  s i n g l e - s p e c i e s  chroma- 

tograms employed a r e  shown i n  t h e  cap t ion .  

Table 3 shows t h e  c o r r e c t e d  molecular  weight ave rages  wi th  t h e  

molecular weight c a l i b r a t i o n  curve  given by equat ion  ( 2 0 )  

(20 )  -4 v2 
i n  M = 27.43 - 0 . 1 9 2 2 ~  + 6.62 x 10 

- 

The agreement between F(v)  and rebroadened W(v) shown i n  F igure  1 i s  

excellent ccnf i rming  t h e  a p p l i c a b i l i t y  o f  equa t ion  (14) and t h e  propcsed 

a n a l y t i c a l  s o l u t i o n  o f  Tung's i n t e g r a l  equa t ion .  The agreement between 

c o r r e c t e d  molecular  weight ave rages  shown i n  Table 3 a l s o  conf i rms  t h e  

v a l i d i t y  o f  t he  prcposed method o f  c o r r e c t i n g  whole polymer molecular 

weight  ave rages  when t h e  v a r i a n c e  and s l o p e  o f  t h e  molecular  weight  

c a l i b r a t i c n  curve  vary with r e t e n t i c n  volune. 
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