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SIZE EXCLUSION CHROMATOGRAPHY (SEC) OF COMPLEX POLYMERS -
GENERALIZED ANALYTICAL CORRECTIONS FOR IMPERFECT RESOLUTION

A.E. Hamielec,
McMaster University, Hamilton, Canada.
H,J. Ederer and K.H. Ebert,
University of Heidelberg, Heidelberg, Germany.

ABSTRACT

Herein is reported -generalized analytical solutions which permit
correction for imperfect resolution when the molecular weight
calibration curve 1is nonlinear and the variance of single-species
chromatograms changes significantly with molecular size of the polymer
solute. Two kinds of generalized analytical solutions have been
obtained. One is a solution of Tung's integral equation for the
corrected chromatogram or the molecular weight distribution and the
other is a solution for the corrected molecular weight averages of the
whole polymer, Also discussed is the use of local corrections for
imperfect resolution acrcss the chromatogram with detectors such as the
low angle laser light scattering spectrophotometer (LALLS) when used
with micro and macropackings,

INTRODUCTION

To date, analytical sclutions for Tung's integral equation for the
corrected chromatogram have not been reported. Many numerical
techniques have been proposed and evaluated and the better of these
include the iterative method of Ishige et al. (1), the method of Chang
and Huang (2) and more recently the method proposed by Vozka and Kubin
(3). Analytical solutions for Tung's integral equation for the
molecular weight averages were first published by Hamielee and Ray (&)

for the case of a uniform Gaussian instrumental spreading function,
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Provder and Rosen (5) generalized these solutions to include a uniform
non-Gaussian instrumental function. Both of these analytical solutions
are limited to a SEC operation where the molecular weight calibration
curve 1is linear and the variance of single-species chromatograms is
independent of molecular size of the polymer solute. The solutions to
be presented herein are analytical and account for non-linear molecular
weight calibration curve and ncn-uniform instrumental spreading function
Wwith the variance of single-species chromatograms varying with molecular
size of the polymer solute. The limiting factor which remains is that

the instrumental spreading function is Gaussian.

THEORY

Tung's integral equation which follows is the starting point for

all rigorous methods of correction for imperfect resolution.

oo

F(v) = [ W(y) G(v,y)dy (1)
0

F{v) is the detector response c¢r chromatogram at retention volume v.
The kernel G(v,y) is called the instrumental spreading function and is
the normalized detector response for a single species with mean
retention volume y. W(y)dy is the area of the detector response for a
single species with mean retention vclume in the range, y-y+dy. W(y) is
the detector response or chromatogram corrected for peak broadening.
Species with the same mean retention volume may, in certain
circumstances, have different molecular weights and compositions and
possibly significantly different instrumental spreading functions as
with complex polymers, thcse having variable 1long chain branching
frequency and copolymers with variable composition. In these instances

equation (1) would not be valid and a more complex form involving
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multiple integrals would have to be used. Until there is experimental
evidence to the contrary, it will be assumed that equation (1) is valid
under all circumstances of GPC operation.

We now define a distribution function W(v,y), where W(v,y)dvdy is
the area under the detector response in the retention volume range,
v-v+dv due to polymer solute species with mean retention volume in the

range, y-y+dy. Let us investigate the following properties of W(v,y)

W(v,y) = W(y) G(v,y) (2a)
{ W(v,y)dy = F(v) (2b)
0
[ Wlv,y)dv = W(y) (3)
0

It is clear from equation (3) that a knowledge of W(v,y) permits a
simple direct integration to obtain W(y), the chromatogram corrected for
peak broadening. At a particular retention volume, v, W(v,y) gives the
distribution of polymer molecular sizes in the detector cell, A
detector system which could provide a measure of W(v,y), would provide a
direct instrumental means of measuring W(y). This possibility will be
discussed later. We will now ccnsider the special case where the
instrumental spreading function G(v,y) is Gaussian with variance which
depends on the size of the polymer solute and where the slope of the
molecular weight calibration curve varies with retention volume. For

this situation Tung's integral equation takes the form:

F(v) = —1— [ W) exp (- (v-n)?/20(w)? ) dy (1a)

/ 2ng(v)™ O

The use of a(v)2 rather than c(y)2 is an approximation which should be

valid when peak broadening is not excessive. In this case,
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. W)

5 exp ( - (v-p)%r20(v)® ) (2¢)
v 2nalv)

W(v,y)

Let us now derive an expression for ﬁw(v, uc) which is the weight
average molecular wieght of the contents of the detector cell. The

LALLS detector system would measure this molecular weight average.

o 00

ﬂw (viyue) = [ M(y) W(v,y)dy / [ W(v,y)dy ()
0 0

where

M(y) = DT(V) exp(—Dz(V)y)
Local linearization 1s being employed to accocunt for a nonlinear
molecular wieght calibration curve. Substituting for W(v,y) and with

some algebralc manipulation cone obtains

M(vexpl (Dy(Va(v))Z/)) = (v-Dy()a(v)2y)?
> [ w(yexp - { S
F(v) ¥ 2na(v) 0 20(v)

ﬁw(v,uc) = ldy

(6)

Comparing the integrals in equations (1a) and (6) it is clear that

By(vue) F(v-D(v)a(v)?)
M(v) - F{v)

2
exp {(D2(v)c(v)) /2} (7
The weight-average molecular weight of the whole polymer corrected for
imperfect resolution is given by (7,8)

L ©

M (e) = [ F(v) M (v,ueddv / [ F(v)dv (8a)
0 W 0

oo L]

= [ M(v)F(v-Dg(v)o(v)z) exp {(Dz(v)o(v))2/2}dv / [ F(vydv  (8b)
0 0

This is an extension of the original analytical sclution after Hamielec

and Ray (4) for variable variance of the single-species chromatograms
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and for a nonlinear mclecular weight calibration curve, In a similar
manner correction equations for other molecular weight averages and

intrinsic viscosity may be derived and these follow (7,8).

B (v,ue) F(v-(K-1)D2(v)o(v)2)

(2K-3) 2
= expi (D,(v)o(v) )<} (9)
MV F(v-(K-2)D,(v)o(v)?) 2 2
[nl{v,uc) F[V_aDZ(V)O(V)2) 2
T 03! exp{(aDz(v)G(v)] /2} (10)
A (c) = SRR Guear /[ F0E P ueray an
[¢] ¢}
[nl(e) = [ PO InHv,ueddv / [ Flv)dy (12)

0 0

where for K

"

1, ﬂ1(0) = ﬁN(c) and ﬁ1(v,uc) = ﬁN(v,uc)

K = 2, ﬁz(c) = ﬁw(c) and Hz(v,uc) o Mw(v,uc). and so on.

Equations (9)-(12) may be used to calculate whole polymer molecular
weight averages and intrinsic viscosity corrected for imperfect
resclution when the variance of single-species chromatcgrams and the
slope of the moclecular weight calibration curve vary with retention
vclume.

We will now derive an analytical sclution for W(y), the chromato-

gram corrected for peak broadening. We approximate W(v,y) with the form

F(v)

W(v,y) = —
Y 2mo(v)

exp { =(y - #(v))% 7 25(n)° } (13)

An examination of equation (2a) might suggest that the shape of W(v,y)
depends on the shape of W(y). This is true up to a point. However, for

a particular retention vclume, v, the range of y which is significant
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may only include a small porticn of W(y). The corrected chromatogram is

then given by

® F(v) exp (=(y - §(v0)Z 7 25(n)?)
Wy) = | — dv (14a)
0 v 2na(v)

or more directly in this case by

W(v) = F(v) (a(v)/3(v)) exp { ~(v-F(v))2/25(n)%} (14b)
A detector system which cculd say measure ﬁN(v,uc) and ﬁw(v,uc) would
alsc provide a measure of ¥(v) and S(V)Z. The LALLS detector system
which gives a measure of ﬁw(v.uc) with the additicnal assumpticn that
¥(v) = v would provide a measure of 5(v)2. This would in effect with
the use of equation (14), precvide a direct measure of W(y). For the
case of a Gaussian instrumental spreading funetion it can readily be

shown using equations (9) and (13) that

F(v+D2(v) o(v)2)

- 1
ylv) = v+ an (15)
PN T R (v, (v) o) Fuad, (1) o(0)?)
2 2
- > 1 F(V—Dg(v) o(v)€) F(V+D2(v) a(v)7)
alv)” = olv) + =3 2n 3 (16>
DQ(V) F(v)

It can readily be shown with a Taylcr series expansion accurate to

second order that

- 1

v = v am? B (15a)
- 2 2 B OFM(v)  FT(v),2

TN = o+ o (Fry - (WVT'] ) (16a)

The expansion prcperly eliminates the dependence on D2(v). For

computaticnal reasons it 1is easier to employ equations (15) and (16)
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with any convenient value for D2<V)' To solve for W(y) cne must have
values for U(v)z. These may be found by standard calibration tech-
niques., The use of equations derived above tc correct the chromatogram
and whole pclymer moclecular weight averages will be illustrated under
Results and Discussicn.

We will now derive equations which will permit the investigaticn of
the magnitude of corrections for imperfect resclution for the weight
average mclecular weight of the detector cell contents (ﬁw(v,uc)/M(v))
for both mierc and macropackings. Micropackings with particles of about
5-15 miecrons give small peak brcadening (small c(v)2) and small peak
separaticn (large Dz(v)). Macropackings with particles of about 30-60
microns give large peak broadening (large c(v)z) and large peak
separation (small Dz(v)). An examination of equation (7) might suggest
that the correcticn for imperfect resclution in the detector cell would
be smaller for micropackings that for macropackings due to the o(v)2
term in F(v—Dz(v)o(v)e). To investigate this further we will begin with
a polymer sample which has the most prcbable distribution and then
assume that it is analyzed with an SEC with micropacking and then with

macropacking., The MWD of the sample is given

won = L expt - Mo (7
n N
N

with f, = 2 x 10°  and A= x 10°

For ccnvenience we will assume that the mclecular weight calibration

curve is linear and given by

M = D, exp (—D2 v) (18)

The asscciated chromatcgram is given by
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TABLE 1

Parameters Fmplcyed in Equaticns (6), (18) and (19)
for Micrc and Macrcpackings

Micropacking Macrcpacking
D, = 0.357 m” D, = 8.62 x 1072m1 "
o4 = 0.70 ml a = 2.90 ml
D20 = 0.25 D2° = 0.25
2 2
ch = 0.1750 ml ch a 0.725
D2D$ D.‘
W(v) = 5 exp (-2D2v) exp{ - ( — ) exp (-D2v) } (19)
M 1]
N N

We will consider relatively small ccrrecticns for peak broadening and
since we have a relatively broad MWD, we will set F(v) = W(v). The
parameters in these equations emplcyed for mierc and macrcpackings are
given in Table 1, Again for convenience it is assumed that the variance
does nct vary with retenticn velume. The results cf this compariscn

will be given under Results and Discussion.

RESULTS AND DISCUSSION

We will begin with a discussicn of correcticns for imperfect
resolution for the LALLS detector system and compare the magnitude of
these corrections for micrec and macropackings. Table 2 shows the
ccrrecticns required for typical mierc and macrcpackings. It is clear
that the magnitude of the correcticns are about the same for both micro
and macrcopackings. Apparently the smaller D2(v)0(v)2 cbtained with

micropackings are compensated for my the narrower and steeper chromatc-
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TABLE 2

Correcticns for Imperfect Resclution with the LALLS Detector System

Micropacking Macropacking
vml)  F(wx10® B (v,ue)/men) v(ml)  F(0x10% B (v,ue)/Mv)
27 16.0 0.745 56 3.6 0.740
28 64,0 0.853 60 1.4 0.846
29 136.3 0.937 64 31.2 0.930
30 186.6 1.002 68 4y,1 0.995
31 187.7 1.055 72 46,1 1.041
32 152.1 1.084 76 38.9 1.077
33 105.9 1,109 80 28.2 1.105
34 66.4 1.127 84 18.4 1.122
35 38.6 1.139 88 1.1 1.134
36 21.3 1.153 92 6.3 1,147

gram. It is remarkable that the ccrrecticn ﬁw(v.uc)/M(v) at the high
mclecular weight end of the chromatcgram is as much as 25% even though
the correction toc the whole polymer ﬁw is only about 3%. In cther words
correcticns for imperfect rescluticn are a must when employing the LALLS
detector system if quantitative estimates of the molecular weight cali-
bration curve M(v) are to be made.

We will now present an example of the applicaticn of equation (14)
tc sclve for the chromatcgram W(v) corrected for peak broadening for a
situation where the variance ¢f single~species chromatcgram varies
scmewhat with retenticn vcolume (or molecular size). We will then use
the same chromatograms F(v) and W(v) and use a nonlinear molecular
weight calibration curve tc sclve for the corrected mclecular weight
averages. One approach is tc integrate W(v) directly and the cther is
to use equations (9) and (11) to generate the molecular weight averages

corrected for imperfect rescluticn.



18: 21 24 January 2011

Downl oaded At:

1706 HAMIELEC, EDERER, AND EBERT

DETECTOR RESPONSE (F(v), w(v))

1 L | — 1 do L J
90 100 1o 120 130 140

RETENTION VOLUME (V)

FIGURE 1. Analytical soluticn of Tung's Integral Equaticn - A
Compariscn of the Uncorrected Chromatcgram F(v) with the Corrected
Chromatogram W(v) and with W(v) Rebrcadened.

X W(v) Variance (mlzl Retenticn Volume (ml)
¥ v
<  W(v) Rebrcadened

0 90-100
0 102
0 104-125
.7 127.5
2 130
0 1322147

TABLE 3

Molecular Weight Averages Corrected for Imperfect Rescluticn

Method HN(c) Mw(c) MZ( c)

6 6 6

W(v) 1.44x10 1.54x10 1.65x10

Equaticns (9) 6

and (11) 1.41%10 1,57x10° 1.64x10°




18: 21 24 January 2011

Downl oaded At:

SIZE EXCLUSION CHROMATOGRAPHY 1707

Figure 1 shows F(v), W(v) and W(v) rebrcadened and illustrates the
application of equation (14). The variances of single-species chrcoma-
tograms employed are shown in the capticn,

Table 3 shows the corrected molecular weight averages with the
mclecular weight calibration curve given by equaticn (20)

In M = 27.43 - 0.1922v + 6.62 x 107 v° (20)

The agreement between F(v) and rebrcadened W(v) shown in Figure 1 is
excellent confirming the applicability of equation (14) and the propcsed
analytical solution of Tung's integral equatiocn. The agreement between
corrected mclecular weight averages shown in Table 3 alsc confirms the
validity of the prcoposed methed of correcting whole polymer mclecular
weight averages when the variance and slope of the molecular weight

calibraticn curve vary with retenticn volume.
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